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Particle/droplet/bubble fluctuation and dispersion are important to mixing, heat and mass transfer, com-
bustion and pollutant formation in dispersed multiphase flows, but are insufficiently studied before the
90 years of the last century. In this paper, the present author reports his systematic studies within nearly
20 years on two-phase turbulence in dispersed multiphase flows, including particle fluctuation in dilute
gas-particle and bubble-liquid flows, particle-wall collision effect, coexistence of particle turbulence and
inter-particle collisions, fluid turbulence modulation due to the particle wake effect and validation of the
two-fluid RANS modeling using large-eddy simulation.
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1. Introduction these approaches for the particle turbulence are based on the idea
Turbulent dispersed multiphase flows, including gas-particle,
gas-droplet, liquid-particle and bubble-liquid flows, are widely
encountered in power, chemical, metallurgical, aeronautical, astro-
nautical, nuclear and hydraulic engineering. The turbulence of fluid
(gas or liquid) itself is already a complex phenomenon. Turbulent
dispersed multiphase flows with co-existing dispersed phase (par-
ticles, droplets, bubbles) and continuous phase (gas or liquid) are
much more complex. The particles, droplets or bubbles have their
own strong fluctuations leading to their dispersion (diffusion), and
meanwhile the existence of the dispersed phases will cause the
change (modification) of the fluid turbulence. There are strong tur-
bulence interactions between the dispersed and continuous
phases. The turbulent fluctuation of the dispersed phase will affect
its mixing with the continuous phase, hence has important effect
on the pressure drop, heat and mass transfer between two phases,
collection efficiency, flame stabilization, combustion efficiency,
pollutant formation, etc. There was less understanding to the
behavior of so-called particle/bubble/droplet turbulence until the
second half of years 80 of the last century. Over a long period the
most popular theory was the Hinze–Tchen’s ‘‘particle-tracking-
fluid” theory (Hinze, 1975), according to which the particle turbu-
lent fluctuation should be always weaker than the fluid turbulent
fluctuation, and the larger the particle size, the weaker its turbu-
lent fluctuation. In the framework of two-fluid models, Elghobashi
et al. (1984) combined the gas k-e turbulence model with an alge-
braic particle turbulence model (it is called by us a k-e–Ap model).
Similar approaches have been taken by Melville and Bray (1979),
Chen and Wood (1985), Mostafa and Mongia (1988), etc. All of
ll rights reserved.
of Hinze–Tchen’s particle-tracking-fluid theory of particle fluctua-
tion. However, it was found by the present author that in some
cases or in some regions of the flow field, in contrast to the
Hinze–Tchen’s theory, the particle fluctuation is stronger than
the fluid turbulent fluctuation, and the larger the particle size,
the stronger its turbulent fluctuation. Instead of Hinze–Tchen’s
theory, a transport equation theory of particle turbulent kinetic en-
ergy was proposed (Zhou and Huang, 1990), according to which
particle turbulent fluctuation depends on its own convection, dif-
fusion, production due to mean motion and dissipation/production
due to the effect of fluid turbulence, and not only the effect of fluid
turbulence, as that predicted by the Hinze–Tchen’s theory. Subse-
quently, Tu (1995) also proposed a transport equation of particle
turbulent kinetic energy, similar to that proposed by Zhou and
Huang with only minor difference in the closure models of some
phase interaction terms.

Later, it was found that the anisotropy of particle turbulence is
even greater than that of fluid turbulence. A unified second-order
moment (USM) theory, i.e., a theory of two-phase Reynolds stress
transport equations, was proposed (Zhou et al., 1994; Zhou and
Chen, 2001). On the other hand, a group of investigators, for exam-
ple, Zaichik (2001), Reeks (1992), Simonin (1996), derived and
closed the particle Reynolds stress equations based on the proba-
bility density function (PDF) approach. Due to the limitation of
the length of this paper, in the following text only the two-phase
turbulence models developed by Zhou et al. will be reviewed.

For the effect of wall on particle flow behavior a particle-wall col-
lision theory accounting for the friction, restitution and wall rough-
ness was proposed (Zhang and Zhou, 2005). For dense gas-particle
flows, both large-scale fluctuation due to particle turbulence and
small-scale fluctuation due to inter-particle collision are taken into
account using a so-called USM-H theory (Yu and Zhou et al., 2005).
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For the effect of particles on gas turbulence, including the particle
wake effect, it was studied using both LES and RANS modeling (Zeng
and Zhou et al., 2007). Also, to understand the instantaneous turbu-
lence structures, large-eddy simulation of liquid-bubble flows was
carried out (Yang et al., 2002). Recently, the gas-particle flows are
studied using LES, in order to use LES statistical results for validating
the USM closure models.

In the following text, we will give a brief description and exper-
imental verification of the proposed models: (a) the two-phase
Reynolds stress equation (unified second-order moment, USM)
and two-phase turbulent kinetic energy equation (k-e–kp) models;
(b) the two-phase particle-wall collision model; (c) the USM model
for dense gas-particle flows (USM-H model); (d) the gas turbulence
modification model accounting the particle wake effect; (e) a two-
fluid large-eddy simulation (LES) of gas-particle flows.

2. Particle fluctuation and dispersion in dilute gas-particle flows

For predicting particle fluctuation, Tchen first considered the
single-particle motion in a fluid eddy, and afterwards Hinze used
the Taylor’s statistical theory of turbulence to obtain the Hinze–
Tchen’s model (Hinze, 1975) for the ratio of particle viscosity over
gas viscosity or particle diffusivity over gas diffusivity as

mp=mT ¼ Dp=DT ¼ ðkp=kÞ2 ¼ ð1þ sr1=sTÞ�1;

sr1 ¼ qsd
2
p=ð18lÞ; sT ¼ k=e ð1Þ

This model can simply be denoted as an ‘‘Ap model”. It is used together
with the gas turbulence k-e model, constituting a k-e–Ap model, and
even nowadays is widely adopted as particle dispersion models in
two-fluid models in some commercial software. According to Eq.
(1), the particle fluctuation should be always smaller than the gas
fluctuation and the larger the particle size, the smaller the particle
fluctuation. However, in contrast to what predicted by the Ap model,
the LDV and PDPA measurements show that the particle turbulence
intensity is larger than the gas one in the whole flow field of confined
jets and in the reverse flow zones of recirculating and swirling flows,
and the particle turbulence intensity increases with the increase of
the particle size in a certain size range. Based on the concept of trans-
port of particle turbulence, we started from the fluid N–S equation
and instantaneous particle motion equation, using the Reynolds
expansion and time averaging, derived and closed an energy equation
model of particle turbulence (kp model) (Zhou and Huang, 1990). In
1990–1994 we proposed a two-phase Reynolds stress transport
equation model, i.e., a unified second-order moment (USM) two-
phase turbulence model (Zhou et al., 1994). Based on two-phase
instantaneous momentum equations, using Reynolds expansion
and time averaging, the fluid and particle Reynolds stress equations
are derived and closed. In this case the governing equations for iso-
thermal turbulent gas-particle flows, accounting for only the gravita-
tional and drag forces, including fluid and particle continuity,
momentum and Reynolds stress equations, can be given as:
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where, Dij; Pij;Pij; eij are terms having the same meanings as those
well known in single-phase fluid Reynolds stress equations. The
new source term for two-phase flows
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is a phase interaction term expressing the fluid Reynolds stress
production/destruction due to particle drag force. The transport
equation of dissipation rate of fluid turbulent kinetic energy for
two-phase flows is:
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where the new source term is Gp ¼
P

p
qp
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Dp;ij; Pp;ij; ep;ij are the diffusion, production terms of particle
Reynolds stress and the production term due to fluid turbulence,
respectively

For a closed system, beside Eqs. (6)–(8), the transport equations
of npvpi;npvpj;npnp;vpiv j;vpjv i also should be used. For example,
the transport equations of two-phase velocity correlation vpiv j

and particle turbulent kinetic energy are derived based on the fluid
and particle momentum equations and closed as:
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where the last term on the right-hand side of Eq. (9) is closed by
assuming that the dissipation of two-phase velocity correlation is pro-
portional to the dissipation rate of the gas turbulent kinetic energy.

and ep ¼ � 1
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Eqs. (6)–(10) constitute the unified second-order moment two-
phase turbulence model. It is found that the k-e–kp model is a
reduced form of the USM model in case of nearly isotropic turbu-
lent gas-particle flows, which consists of the following expressions
and equations
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The physical meanings of the USM and k-e–kp models are (1) the
particle turbulent fluctuation is determined not only by the local
gas turbulence as that given by the Ap model, but also by its own



Fig. 1. Particle number density (after Laslandes and Sacre).
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convection, diffusion and production, so in some cases or some
regions the particle turbulence may be stronger than the gas turbu-
lence; (2) the particle turbulent fluctuation is anisotropic and its
anisotropy may be stronger than that of gas turbulence. Fig. 1
shows the simulation results of particle number density in wind-
sand flows behind an obstacle (Laslandes and Sacre, 1998) using
both k-e–kp and k-e–Ap models and their comparison with experi-
ments. It is seen that the k-e–Ap model based on the theory of par-
ticle tracking local gas turbulence, seriously under-predicts the
particle dispersion leading to more ununiform particle concentra-
tion distribution, not observed in experiments, whereas the k-e–
kp model accounting for the convection of particle turbulence,
much better predicts the particle dispersion, giving a more uniform
particle concentration distribution, in much better agreement with
the measurement results. Fig. 2 gives the predicted vertical normal
Reynolds stresses for the liquid and bubbles in bubble-liquid flows
in a bubble column using a full second-order moment (FSM) model
and an algebraic stress model (ASM) (Zhou and Yang et al., 2002)
and their comparison with the PIV measurement results, indicating
a good agreement. The results show that in the bubble column the
dispersed phase turbulence-bubble turbulence is much stronger
than the liquid turbulence due to its higher inlet velocity, and
the liquid (with lower inlet velocity) turbulence is produced not
only by its own velocity gradient but also by the enhancement
due to bubble fluctuation. The results also indicate that the anisot-
ropy of bubble turbulence is stronger that of liquid turbulence (not
shown here). These results are in contrast to what predicted previ-
ously by some investigators who told us that bubbles always atten-
uate liquid turbulence.
Fig. 2. Vertical normal reynolds st
3. Particle-wall collision effect

It is well known that the particle-wall collisions are directly
treated in the Lagrangian discrete particle simulation. In the
early-developed Eulerian–Eulerian or two-fluid modeling of fluid-
particle flows, the particle-wall collision was not taken into
account, and zero normal particle velocity and zero normal gradi-
ent of other particle variables at the wall are assumed as
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This model is equivalent to the full reflection condition without
energy loss in the Lagrangian approach, which is obviously not true
in practical gas-particle flows where particle-wall collision plays
important role. A particle-wall collision model in the framework
of two-fluid approach, taking the restitution, friction and wall
roughness into account was proposed by the present author (Zhang
and Zhou, 2005). For example, the particle number density, longitu-
dinal velocity and longitudinal component of normal Reynolds
stresses at the walls are given as
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where f, e and a denote the friction coefficient, restitution coeffi-
cient and wall roughness, respectively, the capital alphabets U
and V denote time-averaged particle velocities and lower-case
alphabets u and v denote particle fluctuation velocities, the sub-
script b denotes the values at the wall, and the subscript 1 denotes
the values in the near-wall grid nodes. These equations imply that
ress (� Exp.; — FSM; . . . ASM).
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the particle number density,velocity components and Reynolds
stresses will change under the effect of particle-wall collision due
to friction, restitution and wall roughness, and not obey the law
of zero normal velocity and zero-gradient of other variables. The
wall roughness can lead to redistribution of particle Reynolds stress
components after particle-wall collision. The predicted particle tan-
gential time-averaged velocity (Fig. 3) and RMS tangential fluctua-
tion velocity (Fig. 4) of swirling gas-particle flows measured by
Sommerfeld and Qiu (1991) show that the prediction results using
the boundary condition ‘‘bc 2”, based on Eqs. (18)–(20), give lower
near-wall particle tangential time-averaged and RMS fluctuation
velocities due to the effect particle-wall collisions, in agreement
with those observed in experiments, whereas the prediction results
using the boundary condition ‘‘bc 1”, based on Eq. (17), not account-
ing for the particle-wall collisions, give higher near-wall particle
time-averaged and RMS fluctuation velocities, not in agreement
with experimental results.
4. Coexistence of particle turbulence and inter-particle collisions

In dense gas-particle flows there are both large-scale particle
fluctuations due to particle turbulence and small-scale particle
fluctuations due to inter-particle collisions. A USM-H two-phase
turbulence model for dense gas-particle flows was proposed by
the present author (Yu and Zhou et al., 2005). In this model the
gas turbulence and particle large-scale fluctuation are predicted
using the USM two-phase turbulence model, and the particle
small-scale fluctuation due to inter-particle collisions is predicted
using the particle pseudo-temperature equation – H equation,
given by Gidaspow’s kinetic theory (Gidaspow, 1994). This is not
a simple superposition, since there are interaction terms in the par-
ticle Reynolds stress equations and the H equation. Some of the
closed USM-H model equations are:

The gas Reynolds stress equation
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The two-phase velocity correlation equation:
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The particle pseudo-temperature transport equation:
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The interaction between the large-scale and small-scale particle
fluctuations is the third term on the right-hand side of Eq. (26),
expressing the effect of the dissipation rate of particle turbulent
kinetic energy on the particle pseudo-temperature. Figs. 5 and 6
give the simulation results of particle volume fraction (Fig. 5) and
particle velocity (Fig. 6), respectively, for dense gas-particle flows
in a downer, measured by Wang et al. (1992). It is seen that the
USM-H model, accounting for both particle turbulence and inter-
particle collision, gives the particle volume fraction and velocity
distribution in best agreement with the measurement results. The
DSM-H model, neglecting particle turbulence, gives a high peak of
particle volume fraction near the wall and non-uniform particle
velocity distribution, not observed in experiments. The USM model,
neglecting inter-particle collision, gives too uniform particle vol-
ume fraction and velocity distributions, not in agreement with
experiments. The k-e–kp–H model, neglecting the anisotropy of
particle turbulence, also over-predicts the non-uniformness of par-
ticle velocity distribution. Figs. 7 and 8 show the simulation results
of particle horizontal and vertical RMS fluctuation velocities for hor-
izontal gas-particle pipe flows measured by Kussin and Sommerfeld
(2002). It is seen that the USM-H model can more properly predict
the anisotropy of particle RMS fluctuation velocities-the axial com-
ponent is greater than the vertical component, whereas the USM
model over-predict this anisotropy and the k-e–kp–H model
entirely cannot predict this anisotropy.

5. Turbulence modulation in gas-particle flows with the particle
wake effect

The problem of gas turbulence in gas-particle flows or, so-called
turbulence modulation from the single-phase turbulence, attracts
more and more attention in recent years. For dilute gas-particle
flows, various empirical and semi-empirical models have been
proposed. Up to now, in most of DNS, LES and RANS modeling, the
particles are treated as point sources. In the two-fluid approach of
RANS modeling, the particle-source term in the gas Reynolds stress
equation or the turbulent kinetic energy equation is the difference
between the gas-particle velocity correlation and the gas Reynolds
stress. Owing to the fact that the former is always smaller than the
latter, the obtained source term is always negative, leading to the
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Fig. 9. Air turbulence intensity ((a) with 0.5 mm particles; (b) with 1 mm particles;
(c) with 0.2 mm particles).
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dissipation of gas turbulence. In fact, particle has finite volume.
When gas passes over the particle, both the wake behind the particle
and the vortex shedding should contribute to the velocity distur-
bance and are considered as the sources of turbulence production.
Since the large-size eddies are mainly responsible for the mecha-
nism of particle enhancing gas turbulence, in our studies (Zeng and
Zhou et al., 2007) we at first did the simulation of gas turbulent flows
passing a single particle using both RANS modeling with a Reynolds
stress equation turbulence model and LES with a Smagorinsky sub-
grid scale stress model. The turbulence enhancement by the particle
is studied under various particle sizes and relative gas velocities.
Based on these simulation results, a turbulence enhancement model
for the particle wake effect is proposed. Then, the proposed model is
taken as a sub-model, incorporated into the two-phase flow model,
i.e., the second-order moment two-phase turbulence model and is
used to simulate dilute gas-particle flows. The simulation results
are compared with experimental results and the simulation results
obtained by the two-phase flow model not accounting for the parti-
cle wake effect.

A turbulence enhancement model in the gas Reynolds stress
equation based on the single-particle simulation is obtained as

Gpw ¼ c
qpapV2

rel

srp
ð27Þ

where

srp ¼
qpd2

p

18lgð1þ Re2=3
p =6Þ

; Rep ¼
agqgdp

~Vg � ~Vp




 



lg

Eq. (23) indicates that the turbulence enhancement due to the par-
ticle wake effect is proportional to the particle size and the squire of
relative velocity. The gas Reynolds stress equation with the particle-
source term accounting for the particle wake effect is:

@ agqgmvgivgj


 �
@t

þ
@ agqgmVgkvgivgj


 �
@xk

¼ Dg;ij þ Pg;ij þPg;ij � eg;ij þ Gg;gp;ij þ Gpwdij ð28Þ

Fig. 9 gives the RMS gas fluctuation velocities with different sizes of
particles in vertical gas-particle pipe flows, measured by Tsuji et al.
(1984). It is found that the results obtained using the model
accounting for the particle wake effect are in much better agree-
ment with the experimental results than those obtained using the
model not accounting for the particle wake effect in predicting
the following phenomena: 1 mm particles only enhance gas turbu-
lence intensity, 0.5 mm particles enhance or attenuate gas turbu-
lence at different locations, and 0.2 mm particles only attenuate
gas turbulence.

6. A two-fluid LES of gas-particle flows and validation of the
USM two-phase turbulence model

Large-eddy simulation (LES) can give us the instantaneous tur-
bulence structures and its statistical results can be used to validate
the RANS turbulence models. LES is used by us to validate the USM
two-phase turbulence model. The filtered governing equations for
a two-fluid LES are given as

@

@t
akqkð Þ þ @

@xj
ðakqkVkjÞ ¼ 0 ðk ¼ g;pÞ ð29Þ
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þ
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� 	

ð30Þ
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¼ � @ss

@xj
þ asqs

sr
ðVgi � VpiÞ þ

@sp;sgs

@xj
ð31Þ

For particle-collision stress, neglecting the sub-grid scale particle
stress and using the particle pseudo-temperature proposed by
Gidaspow’s kinetic theory (Gidaspow, 1994)

sp ¼ �apqpH 1þ 2 1þ eð Þg0ap
� �

þ apppr � Vp

n o
dij � 2aplpSp ð32Þ

3
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� cp � 3bH ð33Þ
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Fig. 10. Particle RMS fluctuation velocities (m s�1; j Exp., — LES, . . .USM).
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The Smagorinsky model (Smagorinsky, 1963) is used for the gas
sub-grid scale stress

sg;sgs;ij ¼�2mT Sijþ
1
3

dijskk; mT ¼ C2
s D

2 S


 

; Sij ¼ ð@Vi=@xjþ@Vj=@xiÞ=2

S


 

¼ ð2SijSijÞ1=2 ð34Þ

Fig. 10 gives the LES and USM simulated particle RMS fluctuation
velocities and their comparison with experimental results for back-
ward-facing step gas-particle flows (Hishida and Maeda, 1991).
Both of these modeling results are in agreement with the experi-
mental results. It implies that the USM two-phase turbulence model
is validated by LES.

Fig. 11 shows the predicted particle axial RMS fluctuation veloc-
ity using LES and USM for axi-symmetric sudden-expansion gas-
particle flows measured by Xu and Zhou (1999). Both modeling
results are in good agreement with experimental results. LES
results are somewhat better than the USM results.

Fig. 12 shows the axial component of gas-particle velocity
correlation. The two models give the same trend in agreement with
experiments. The distribution of gas-particle velocity correlation is
similar to that of particle axial RMS fluctuation velocity, but the
former is smaller than the latter. It is seen that LES results are
closer to the experimental results than the USM results. It implies
that the USM model remains to be improved. There is still certain
discrepancy between the LES results and experiments due to the 2-
D LES and the shortcomings of the Smagorinsky SGS stress model,
which also should be improved.

7. Conclusions

(1) The USM and k-e–kp two-phase turbulence models can well
predict stronger particle fluctuation than the gas fluctuation
and stronger anisotropy of particle turbulence than that of
gas turbulence for some cases and in some regions of the
flow field. These models are more reasonable than the tradi-
tional Hinze–Tchen’s theory. However, in some cases, for
example, swirling gas-particle flows, the particle RMS fluctu-
ation velocities are still under-predicted.
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(2) The particle-wall collision, including friction, restitution and
wall roughness, has important effect on the near-wall parti-
cle velocity and turbulence. It gives reduced particle velocity
and particle turbulence owing to energy losses during colli-
sion. The wall roughness will increase the longitudinal com-
ponent of particle RMS fluctuation velocity and reduce the
normal component, that is, leads to redistribution of normal
components of particle normal stresses near the wall.

(3) In dense gas-particle flows, there is interaction between the
large-scale particle fluctuation due to particle turbulence
and small-scale particle fluctuation due to inter-particle colli-
sion. The former leads to enhancing particle dispersion,
whereas the latter will reduce particle large-scale fluctuation.
The USM-H model can better predict these phenomena than
other models, neglecting either particle turbulence or inter-
particle collision or the anisotropy of particle turbulence.

(4) The particle wake effect plays important role in the gas tur-
bulence modulation. The proposed model can well predict
different behavior of different size range particles in turbu-
lence modulation. However, the gas turbulence modulation
in dense gas-particle flows remains to be further studied.

(5) The USM two-phase turbulence model is only preliminarily
validated by a two-fluid LES. However, a more advanced
two-phase sub-grid scale stress model remains to be
developed.
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